The application of geometry of roofs (straight skeletons) and, related to that, Voronoi diagrams for polygons to solve optimization tasks such as determination of the routes of surveys of regions with minimal static moments with respect to the sides of polygons is discussed. A special interpretation of the notion of static moment with respect to the segment of line and a polygon with respect to the border is explained and an appropriate theorem is formulated and proved. Examples of potential employment of these notions have been indicated. Keywords: roof geometry, straight skeleton, Voronoi diagram for polygon, static moment with respect to the border of a polygon, earthwork, GIS navigation system.
Introduction
Among the geometric methods used in science, technology, and many other areas, an important role is performed by the theory of straight skeletons [1, 2] . In terms of three-dimensional and also plane geometry, this theory is known as the geometry of the skeletons of roofs or, briefly, as roof geometry [3] [4] [5] [6] [7] [8] . This theory is closely related to Voronoi diagrams for polygons [7] . Both the straight skeletons and Voronoi diagrams for polygons have many interesting practical applications: the (semi-) automatic reconstruction of urban models [9-11, 8, 12] and roads [3, 13] based on satellite images, in cartography and photogrammetry [14] , morphology analysis of the grain structure of material [15] , in medicine for representation, reconstruction, and visualization of human organs [16] , and in the design of earthwork organization [17] , to name just a few. In the present work we use the geometry of the roof and Voronoi diagrams for polygons to solve optimization tasks such as the determination of the survey route of regions with minimal distance from the cut slope earthwork design (river aggregate, minerals, …). First we introduce a special interpretation of the notion of a static moment with respect to the segment of line and a polygon with respect to the border [17, 7] .
Generalized Voronoi diagrams
Let us consider an arbitrary metric space áM, dñ, and n subsets Λ 1 , Λ 2 , ..., Λ n (sites) of M. For any point X ÎM, d(X, Λ i ) denotes the distance from the point X to the site Λ i . The region of dominance of [18] . If the sets Λ 1 , Λ 2 , ..., Λ n are points of a Euclidean plane (with a Euclidean metric), then we obtain a (ordinary) Voronoi diagram (Fig. 1a) . In Fig. 2 , where the sets Λ 1 and Λ 2 are two segments of a line, the Voronoi diagram is displayed.
The boundary of the diagram consists of line segments or half-lines and parabolic arcs, i. e. P 6 Qa half-line (the symmetric line of the segment áBDñ);
-an arc of the parabola p(AB,D), where AB denotes the directrix of the parabola and D is the focus of the parabola; áP 1 P 5 ñ -a line segment of the axis of symmetry of lines AB and CD; -an arc of the parabola p(CD,A); áP 2 P 3 ñ -a line segment of the second axis of symmetry of lines AB and CD;
-an arc of the parabola p(AB,C); P 4 R -a half-line (the symmetric line of the segment áBCñ). for two segments áABñ and áCDñ
Voronoi diagrams for some concave polygons
The line segments and arcs of parabolas determine a Voronoi diagram for a polygon [7, 19] . If a polygon is convex, then the Voronoi diagram of such a polygon consists of no arc of a parabola [2, 7, 19] . More precisely, arcs of the parabola may appear in the neighborhood of a vertex of a reflex angle of a polygon (Fig. 3) . To construct such a parabola we give a sketch of an algorithm [7] . First, we construct a roof (straight skeleton). To determine a parabolic arc we check the existing reflex vertices, which are symmetric with respect to common ridge hipped roof ends containing such vertices. If such vertices exist, then no arc of a parabola appears in this neighborhood ( Fig. 3; [7] ). In this case a new line segment appears or the roof requires no changes in this neighborhood. In the opposite case, we construct the angle Ð(n ij , F l , n ij+1 ) normal to the reflex angle Ð(c ij , F l , c ij+1 ) (Fig. 4a ) and suitable parabolas (in Fig. 4b ), there are two parabolas: p( ,F 
Static moment with respect to a line segment
Denoting the mass of the point X by m(X) and the distance between the point X and the segment c by δ(c,X), we shall call the expression M c =δ(c,X) m(X) the static moment of the material point X with respect to the segment c (Fig. 5) . If the orthogonal projection X' of the point X belongs to the line segment c, then M c is a classical static moment with respect to the line determined by the segment c. In the opposite case we obtain the static moment with respect to the suitable (situated nearer) endpoint of the line segment c. We shall call the last moment the polar static moment of the material point X with respect to the suitable endpoint of the segment c (Fig. 5) .
In order to compute a static moment for an arbitrary Voronoi region for a polygon with respect to a suitable side, the following formulas for static moments of elementary figures will be needed: 
-the polar moment of a sector of a parabola with respect to its focus for a focal sector of a parabola with parameters p and central angle φ (Fig. 6a): ,
-the static moment of a right-angled parabolic trapezium with the base a adjacent to the axis of the parabola with parameter p with respect to its directrix k (k=OX) (Fig. 6b): ,
and well-known formulas for: -the static moment of a trapezium with respect to the line determined by the greatest base ( Fig. 5f): ,
-the static moment of a right-angled trapezium with respect to the line determined by the side adjacent to two right angles (Fig. 5g): .
Voronoi diagram for a polygon as a decomposition of the polygon with minimal static moments with respect to its border 1. A static moment of a polygon with respect to the border.
By a generalized polygon P(C 1 , C 2 , ..., C k ), where 
sides, which we will denote by c ij (i= =1, 2, ..., k; j = 1, 2, ..., l i ).
For every such polygon we introduce a special division in the following manner. We shall call the set ND(P):={Δ ij } of simply connected regions
1, for (i',j')=( i",j"), where v = = , the normal v-division of the polygon P. Notice that every sub-region ND P (c ij ) ÎND(P) is bordered exactly with the exterior of the polygon P along the side c ij . It is easy to see that for an arbitrary polygon P the important v-divisions are the regular roof (for a polygon with allowed positions of vertices) and the Voronoi diagram induced by the polygon P [7, 20] .
v-normal division of a v-gonal polygon. Suppose now that a homogeneous mass m(X)
is distributed along the total generalized polygon P. The introduced static moment of the point X with respect to the line segment c makes it possible to define the static moment of the region RE (of material points with density ρ(X) at arbitrary point X) with respect to the line segment c as the suitable integral .
Under the assumptions mentioned above, we can formulate the following theorem.
Theorem (a static moment of a polygon with respect to the border). Among all normal v-divisions of a generalized homogeneous v-gon, the sum of static moments of Voronoi regions induced by the Voronoi diagram of this polygon with respect to its sides is the smallest (minimal).
Proof. Let us consider the polygon P and its Voronoi diagram VD(P) as a v-division of polygon P. Let us write the integral sum leading to the static moment with respect to the arbitrary fixed side c ij :
Let us denote (8) (9) Consider the other division of P, namely n-division ND(P) of P. Then, there exists at least one point X o and a corresponding side of the polygon P, such that
. It is equivalent that it exists such that ¹ and X o Ï  . Let us denote by δ n the distance (of the point X o from the corresponding side of the polygon) of the n-division ND(P) of the polygon P. Then (10) Note that if (11) then (12) For n-division ND(P) and v-division VD(P) every point X ÎP determine the pair of sets and two distances (δ n (X), δ(X)) satisfying (10) or (12). Therefore for every X we have δ(X) ≤ δ n (X). We can write the integral sum leading to the static moment with respect to the arbitrary fixed side c ij with respect to v-division VD(P) using the distance δ n (X). From (10) and (12) it is easy to see that Then (14) Let us denote
Finally we get
where σ* denotes the sum of all static moments with respect to all sides of the polygon for the new n-division ND(P). On account of (9) and (16), the inequality (17) finishes the proof. The property of the polygon division proved above allows us to define the static moment M P of a generalized homogeneous polygon with respect to its border.
Then we shall call the expression (18) the static moment of generalized homogeneous polygon P with respect to its border, where δ(c ij , X) denotes the distance of a point X from a line segment c ij for X ÎP, and VD P (c ij ) is a Voronoi region for the polygon P containing the side c ij (i = 1, 2, ..., k; j = =1, 2, ..., l i ).
The application of the geometry of roofs and Voronoi diagrams for polygons to determine the division line of excavation in earthworks
The static moment for a polygon with respect to its border can be interpreted as the minimal work W required to displace the total mass distributed along the homogeneous generalized polygon to its boundary. Then we can apply this notion to solve optimization tasks such as the determination of survey routes of regions with minimal distance from a cut slope earthwork design (river aggregate, minerals, ...) (Figs. 7-10 ).
Example of substitution of a Voronoi diagram by a roof for a rectangular polygon
A route survey of a division line of an excavation according to a Voronoi diagram is complicated because it requires the construction of the arcs of a parabola. This is not familiar in practice. Hence, it is interesting to ask whether it is possible to change the parabolic arcs of the system of lines determined by means of the construction of Voronoi diagrams using a configuration defined by a straight skeleton, that is, a roof. It turns out that for rectangular polygons (allowing regular roofs), the Voronoi diagram division of the polygon P can be substituted by the roof division of P with a small relative error. Using Formulas (1)- (5) for the calculation of the earthwork made for the sample polygon (in Fig. 11 for the regions 1-7 and in Fig. 12 for regions 1-6 ), the relative error between the work computed on the base of a Voronoi diagram division and roof division is greater than 0,5 % and less than 0,8 % [7] . We obtain a satisfactory result. A route survey of the division line of an excavation realized in situ according to a straight skeleton algorithm is easier and may be used in practice.
Conclusions
For rectangular polygons (allowing regular roofs), the Voronoi diagram division of a polygon can be substituted by the straight skeleton division of this polygon with a small relative error. However, a route survey of the division line of excavation according to a Voronoi diagram or straight skeleton can be realized in practice by a suitable device running a GIS navigation system based on Voronoi diagrams or a straight skeleton mounted on an excavator or a bulldozer.
